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,. . 3.;>IJ S F'JR THE E. ' . E J 'I AL r ::TEG AL 
i N:J THE - R FUN TI N 

Ric rd Bellman 

31. Int rodu t.ion . 

In n :tny i r. rt :m ; ppl · c · i tms of rn them: ic phys i cs , the final 

numerical . nswer e;:>ends u on t e e v l u i on of a L 1 ce tr _t nsfo nn 

(1) 

I nte r ti ~ by pa rts n imes , th 

( ) g ( y • .iliU • £.i9l + 

y 

Re{y) 0 . 

f ( n-l) { o) 1 fooo -ltV ( n' 
• • • + - - + n e · v f I (x) dx • 

yn Y 0 

If f ( ) 1 · , ·e r.ta u c fi r s t n erm s n pproxi!!la io to (y). 

T. er or term is he egr~. 1 o - han 1 • · i •!f' o f ( . ) 1v h is 

boun e by 

(3 .Y-( n• l) ~ ax lr( ) x) 

~(X) 

for y r al d by 

(4) -n 
IY I ~ If( {x) I / Re (y) 

(X) 

in case y i~ c n lex . Inn ny c · ses o f il:port · e , the s e ies 

( 5) 



-175 
- 2-

is divergent ~or all y. Consequently, in order to make maximum use ot 

(2), n must e chose s a function of y t o minimize the expre s i onD 

in (.3) or ( 4). The r ct th t S(y) is a ivergent sympt.otic series as 

y -.m imposes a l ower boum on the mag .i u e of the error enn. 

The question arises then as t o hethe r it i s poss ible to obt.ain 

a better pproxi~ation to g(y) than t h t ive ~ ~ (2) s nc some 

rational function of 1/y, with coeffi ci ent s de ennine y he f( k )(O). 

One Vfl¥ of obtainin those rational approxinat i o s i s t ha t of expan ing 

S(J) into form continue fraction n us i t he n- h conver ents. 

The purpose of the present note i s to in icate 1ot her method 

which under all circu.cstances yields . e rror term l t!s t n or equal 

to t .at given by 3) or (4), nd in general m y e expecte to improve 

it con~ ide r - y. After indicating t he general me o , we pply it t o 

the two most commonly encourt. ered non-element -:-y t r wscendents 

( 6) E ( ) r a:> e-x dx • e -y raJ e -xy dx 
1Y ·Jy x Jo l•x 

1 J~ ~ -I /Y - /4 [ CD -x "fi 1 - Erf(y) - x dx e e ~e __ __ 
• "12ft Y e • ~(2;. - uo ( • x)l/2 dx. 

T e followin re lt is o t ne 

1 
Theorem: ll y , 0 , ~ !&....1 ~ ~ n ~ 1, .,P......,~~:;.;;;;;:~s in y, Q

0
(y), 

R(y) ~!:.!!!. properties ~ 

(7) 



w ere 

( S ( a , 

(b) 

(d) 

(9) 

n . 
Q (y) • 1 • 2: aiy-l , 

n i •1 

[(n • l - k ) 1] 

n- ·•1 ,{n•1l- i), 
1r " .t • 1 t=1 ... 

k- 1 ) ~ t - t•1 k y ) .. L ( - 1 ) t ! y , 
.1 •0 

k "' 1, 

, 

, 
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A s i.: ilar res ho .... s for w · i nt e r 1 of he form 

(] 0 ) 
e->cy _..;::;...... __ dx . 

a 
1 • x ) 

A ? • e t t e i te r l ) , 11 y), t h ~ scus e in (2) et seq . 

"el ·oound h s possible ob i . ed by taking 

n • e i::-g error te a pprox mat cl eq 1 o e-y ~. The best 

possible obt ine from the eve e re~ i s obt nine by t3king 

n • J 'Y n s < roxir.t te ly e - 4Y ~ • 
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Although these  functions in the cases a - 1/2 and 1 have been 

extensively tabulated for real y, there may still be some practical 

application o! the inequalitiHö we obtain, since In several important 

applications thesr- functions occur with complex argument.      We discuss 

below a device which may be employed if Re(y)  is small, 

^2,    The method. 

Let us consider first vhe simplest case where f(0) / 0, y la 

real, and we will be satisfied with an approximation with an error of 

order 1/y   as y—>oo.    Integrating by parts once, we obtain 

- ^ » i/V^^Cx) .af(x)  . b]dx 

- f  r,"* f(x)dx - X   . 
yü0 y 

From tnis followa 

U) s(y) (i • f) - (^ • ^) ■ jj^^l^)' *tix). b]dx . 

whence 

(3) G(y) (i ♦ f' - (^r1 ♦ -l)  ^ MaJC   l^(x) * a^) ^| /y2 . 
O'jc<ao 

The parameters i and b are now to be chosen so as to minimize the 

right-hand side.    In general,  this i J a difficult problem, which we do not 
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propose to Jiacusa here.    Nevertheless,  in many cases, a few trials will 

yield values of a and b which appreciably reduce the error term. 

Let us now proceed to the general case.    After n-integratioa^ by 

parts, we havo 

(4) g(y) - Pn(y) ♦-: /'V^ f(n)(x)dx, 
y   u0 

where we have set 

(5) Pn(/) Z f(k)(o)y-(k'1) . 
k-0 

n   ■   1      P      • • • 

We now write g(y) as follows: 

(6; g(y) - Pn(y) ♦\/    rxy[f(n)(x)*a1f
(n-:L)(x)....*anf(x)*an+1jdx 

.-^   Ta,   /     e-3^ f(n^(x)dx.-^    • 
yn   i-1   1 c/o y"*1 

Utilizing (u)  to eliminate the integrals /     e"^ fv  " '(x)dx, this leads 
'J 0 

to the inequality 

Max     |f(n)(x)> a.f^"1^)* ••• «a f(x)*a    J ^^ ,     '        v  '      1 v  ' n v  '      n*ll 
it ^y; (      r 

(7) 
R (y)|      0<x<oo 

n«! 
K^l 

where we have set 

(8) 
n 

Qn(y) m 1 * Z *< y n i-i 1 

-i 

Rn(y) - Pn(y} *   t   a, y"1 ?n-i(y) - an4l y 
i -1 

-n-1 
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Th« error term depends upon the polynomial Q^(y)  and the functional 

(9) c (f) - Min   Max    lf(n)(x) ♦ a,^""1^) ♦ • •• ♦ a f(x) ♦ a    ,1. n    ' «_ ^     ' '1 x  ' n      '      n*l I a.   pcx<oo 

We nay conceive of c (f)  as a measure of the deviation of f(x)   from a 

function of the form 

N 
do)        h(x) - 2! pkU)« V 

k-l 

where each PkW  Is a polynomial in x. 

In the succeeding section we determine c  (f) for the case where 

f(x) - 1/ 1 ♦ x . 

Q 3•    Application to the Exponential Integral. 

Referring to (6)  of   §1, we see that it is  sufficient to *.reat the 

Laplace transform 

(1) 
oo    -xy 

^-/o   r^ 

Consequently, we wish to letermine 

(2) Min Max 
a. 0<x<oo 

nl,     a^n-l)! 

{l*x)n41       (l*x)n 
♦ • • • 

(-l)n r. 
♦   r    n * (-i)n a , 1* x v  '  n*l 

1   1 ♦ x* Upon setting J  ■ • —r— , this reduces to 

(3) Min Max 
a. -1<X<1 

nl (l^x)""1  (n.l)la1(l*x)n 

,n*l ^n ♦ • • • ♦ (-l)n a n*l 
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3ince the degree of the polynomial is (n* 1) and the coefficient of the 

highest degree torm la nl/2 , it follows that the aininal polynomial 

is the (n* l)st Chebychev polynomial 

(4) —^T"" 
nj coa(n-» 1) arc cos x 

^2n*l 

,  /,       sn*l      (n- 1) I a, (!♦ x) nl  il* x) /      V l_ /  ,vn 
0n*l ^n v    ' n*l 

and that 

M Cn(jhi)'n^2 2n+l 

Referring to (7) of the previous section, we see that before we can 

apply the inequality with confidence, we musi  know soaething about tht 

location of the roots of Q (y) - 0,    Using (4)# we shall determine the a. 

and ahow that they are all positive, whence 5 (y) > 1 for y > 0. 

For n - 1, 2, 3, the roots of Q (y) ■ 0 are all negative, and we 

hazard a juess that this is true in general.    This result,  if vslid, would 

be of importance in applying the inequality to  the case where y is complex, 

iince 

(6) 
n*l  T    ,  (-1)  (l*x)K 

Vi^ - W-1 * ^ ^ - s: ^-Ti  

we obtain from the identity of (4), 

(-1)n.K.l 

(7)   n-k*l kl 
(k) 

nl       ^n.l    (-1) 
,ii-k-»l n*l kl 
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(k) 
To determine T    ,   (-1). we use the fact  that T    , (x) satisfies the 

differential equation 

(8) (l-x2)T^1(x) - xT^Cx) ♦ (n*l)2 Tn+1(x)  - 0. 

.(k) Hence T    i{x)  satisfies the equation 

(9) (l-X
2)T^2)(x) - (2k* DxT^^Cx)  ♦ ((nW)2 - k2)T^(x) - 0 

Thus 

(10) A^   (-1) n*l 
(n> IT - k' 

2k ♦ 1 «(-) • 

whence finally 

(ID ei <-) (-i) 
n*k*l -rr /(n*l)2 - k2 

TT 
k-l 2k ♦ 1 k - 1, 2,  •• 

(.l)n>1 , k  - 0. 

Substituting  in  (7), we obtain 

,n*l-k       n*l-k /, 
(12) .      n; 2" "^-/(n^l)-/^ 

^       [(n.l-k)!]2      A    I ^^      y   ' 
k  / n /l, 

nl  , k - n •» 1. 

This completes the prcx)f of the  theorem stated above. 

If Re(y)   is small, the tern 1/Re(y)  my greatly increase the error 

term,  particularly for snail n.    We nay overcorae this to some e.rtent by 
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writing 

(13)      /'    e-^f(n)(x)dx-^  /    -SJL 
Jö ynLl0    (Uxf u 

/   .xP    , a,(n-l)l „ , 
C-lj    nl 1  /  , xn-1 
/,     xr-^ /,     vn-3 n-1 (l*x; (l*x) 

minus the appropriate terms. 

From this we obtain as a  bound 

(U) Min   Max 
a.   0<x<oo 

C~l)n ni ,  ^n-1 I  /    .n nl 

U*x) 2        |y( 

which, if Re(y)  is snail, will be less than nl/22n*1|y|n Re(y). 

04.    Application to the Error Function. 

Referring to (6) of   61,  it is sufficient to consider 

(1) g(y) 
Jo     (1.x)1/2 

dx . 

In this   :aae, we have the problem of determining 

(2) n   Max    !f(n)(x)  ♦ a,f(n*'1^(x)  ♦ ... > a f(x) ^  a    J   , -^ v  '        1 v  ' n      '        n*l'   ' Mi 
a,   Ocx<ao 

-1/2 where f(x)  - (1 ♦ x)    /fc.    Taking a    ,   - 0, we obtain as a bound 

(3) Min   Max 
a.   C<x<aD 

-1/2/1   ^— ^ \ 
V (1 * x)n n/ 

< Min    Max     I ^^   '"   ^sJj  4 

aj  0<x<cx) '     2n (1  ♦ x)n 
•  ♦ a n 

. IQ»  ♦•• UHzJj 
2n 2n-l 
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Similar.^, we can obt dn bounds for the general integral 

(4) h^ - r 
co    ^-xy 

<- 0     (l*x) 
Idx, 

or integrals of the form 

n 
(5) 

, oo    -xy-x 

'   0      (1- x)a 


